It is well-known that the non-supersymmetric D3 brane (a cousin of BPS D3 brane) including its black version of type IIB string theory has a decoupling limit, where the decoupled geometry is the gravity dual of a non-supersymmetric, non-conformal (finite temperature) quantum field theory having some properties similar to QCD. Using the ideas of AdS/CFT we study some nonperturbative aspects of this quantum field theory. Since in this case we have a Yang-Mills theory (no quarks) with running coupling (non-constant dilaton), we compute the gluon condensate in this theory as a function of temperature and also compute the beta function. The behavior of the gluon condensate is found to resemble much like the SU(3) lattice QCD result and the beta function is found to be negative. We further compute both the pseudoscalar and the scalar glueball mass spectra in this theory using WKB approximation and find that the mass ratios of the first excited state to the ground state of the scalar glueball are quite close to the lattice QCD results.
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The non-perturbative QCD is still a very poorly understood regime of QCD as we don't know how to deal with strongly coupled quantum field theories. The lattice gauge theory is the only approach to this low energy QCD. However, lattice QCD deals with Euclidean signature and therefore, is unable to give real time dynamics of the system. Even if we consider only the kinematic properties, there are problems with the lattice approach, for example, the finite size and spacing of the lattice is a limitation and taking continuum limit is not always easy and computationally quite challenging. Another approach called the AdS/CFT correspondence [1, 2] has provided a new theoretical tool for studying the nonperturbative QCD, which is known as holographic QCD or AdS/QCD. Many of the properties of QCD in the low energy has been studied by employing this approach.
The AdS/CFT duality, proposed by Maldacena [1] , is about the (conjectured) equivalence between string theory in five dimensional anti-de Sitter (AdS) (times five dimensional sphere) background and the (super)conformal field theory (CFT) in four dimensions. This is a strongweak duality which means that when the field theory is strongly coupled the string theory is weakly coupled, i.e., given by the supergravity and vice-versa. This, therefore, gives a handle on the strongly coupled quantum field theories by studying the dual gravity theories in a particular (AdS) background. This procedure has been used to study non-perturbative QCD. However, as the gauge coupling here has to be strong enough to get well-defined gravity theory, the asymptotic freedom is absent in this type of quantum field theory [3] . But the other properties of low energy QCD like gluon condensate, confinement, chiral symmetry breaking, negativity of beta function etc. [4] [5] [6] and various properties of QGP [7] [8] [9] can be understood from gauge/gravity duality. The original AdS/CFT [1] duality arises from the BPS D3 brane solution of type IIB string theory, where the coupling (the dilaton) remains fixed and therefore in the dual gauge theory the 't Hooft coupling is large but fixed. Also, because of the presence of conformal symmetry this type of gauge theory does not have Λ QCD -like scale. But the running coupling and Λ QCD are the two main requirements for QCD. Thus the pure AdS/CFT correspondence (which is also maximally supersymmetric unlike QCD) is not the right framework to study QCD. Now to introduce running coupling and Λ QCD , there are many bottom-up approaches, where people have obtained some soft-wall (non-constant dilaton) gravity theories to incorporate features of non-perturbative QCD [6, 10] . The gravity theories used there are not always obtained as solutions of string theory (in few cases [4, [11] [12] [13] they are obtained from string theory). They are more like empirical modification of pure AdS background [14, 15] .
Here in this Letter we use the gauge/gravity duality on the finite temperature non-susy D3 brane solution of type IIB string theory [9, [16] [17] [18] [19] . The decoupled geometry, in this case, is non-AdS and non-supersymmetric with a non-trivial dilaton field [9] . So the expected gauge theory in this duality is non-supersymmetric and non-conformal as in QCD. The non-trivial dilaton is a sign of the running coupling, whereas the absence of conformal symmetry indicates the existence of Λ QCD . Here we identify the gauge theory energy scale with the same energy parameter of the gravity theory u. Other two parameters of gravity background, namely, δ and u 0 have been found to be related with temperature T [9, 20] and Λ QCD of gauge theory. Thus we give a complete map of the non-AdS gravity and non-perturbative QCD. By expanding the dilaton near the boundary we obtain the form of gluon condensate 1 in this theory as a function of temperature. The gluon condensate derived from this duality is found to have a form which resembles with that obtained in SU(3) lattice QCD [21] . The condensate is found to disappear at the temperature where the background turns into a standard black D3 brane, i.e., in the deconfined phase. After that, using the renormalization group flow, we obtain the expression of the QCD beta function and plot it to show its energy dependence. The existence of non-trivial glueball mass is another characteristic of non-perturbative QCD. Using this gravity theory at zero temperature we holographically compute both the pseudoscalar and scalar glueball mass spectra for the ground state and the first excited state at different gauge couplings. The mass ratios of the first excited state to the ground state are found to match with lattice result given in [22, 23] .
The decoupling limit of the non-supersymmetric (nonsusy) D3 brane of type IIB string theory has been discussed in [18, 19] . The corresponding limit for the 'black' non-susy D3 brane has been discussed in [9] . The decoupled geometry of the N number of coincident 'black' non-susy D3 brane solution is given in the string frame in eqs. (14) of ref. [9] . Here we consider that geometry with α + β = 2 in the Einstein frame (in this case, the radius of the S 5 part becomes constant and the computation becomes simpler) and is given by,
Note that the solution is characterized by two free parameters u 0 and δ. It is clear from the expression of the dilaton in (1) that |δ| ≤ 2. L is the radius of the AdS 5 or S 5 space and is given by
YM is the Yang-Mills coupling and g s = e φ0 is the 1 The finite temperature gluon condensate has been studied previously in [20] . The gravity background describing the gluon condensate at finite temperature has been identified, but the explicit form of gluon condensate and its temperature dependence (which we discuss in this Letter) has not been given there.
string coupling which is assumed to be very small and λ t is the 't Hooft coupling. Also in (1) ' * ' denotes the Hodge-dual operator and F [5] is self-dual. Now for the supergravity solution to remain valid the effective string coupling, e φ , must remain small and the radius of curvature of the transverse space in string frame also must be large in unit of string length. In other words, we must have
Here λ t ≫ 1 and ds
Ein . Now for the above two relations to hold, we observe that e φ−φ0 must be of the order 1 and can never be ≪ 1. Note that we are considering only the '+' sign in the exponent of the dilaton expression 2 in (1) (as we will see later that this leads to the negativity of the beta function as in QCD) and therefore, e φ−φ0 can not also be ≫ 1. From the dilaton expression we therefore conclude that the energy parameter u can never go to zero. Now, since the function G(u) is always greater than or equal to 1, we have e φ−φ0 ≥ 1. Further, since e φ0 → 0 and the 't Hooft coupling λ t ∼ N e φ0 ≫ 1, it implies that N → ∞ and so, the effective gauge theory coupling λ ∼ N e φ is also ≫ 1, that is we are in the non-perturbative regime of the gauge theory. Note that asymptotically as u → ∞, G(u) → 1 and the above solution reduces to the AdS 5 × S 5 . This can also be obtained by taking u 0 → 0. In this limit conformal symmetry will be restored and there is no QCD scale Λ QCD . It is, therefore, clear that non-zero u 0 must be proportional to that scale Λ QCD . To obtain a relation between the two we notice that the gauge theory coupling is related to the dilaton as,
Now we find that at u = λ 1 4 t u 0 , the harmonic function becomes G(u) = 1 + λ −1 t ≈ 1 and we get AdS 5 , i.e., the conformal background and the coupling becomes λ ≈ λ t . Now we make an important assumption that this energy where the theory becomes conformal defines the Λ QCD . Therefore, we have
Since λ t ≫ 1, it is clear that u 0 ≪ Λ QCD . Now if the energy 3 u is deep inside i.e., u ≪ Λ QCD , the ratio u 0 /u is of the order 1 and increases monotonically as u further decreases. The coupling λ also increases monotonically with the decrease of u. On the other hand, when u is very close to Λ QCD the aforementioned ratio is of the order λ −1/4 t which is much smaller than 1. So in that limit one can write λ = λ t + O(1/λ t ). Now if we take the energy beyond Λ QCD the effective gauge coupling becomes weaker but still it is slightly greater than λ t . Thus for the whole range of the energy 0 < u < ∞, the effective gauge coupling λ > λ t ≫ 1. So, the perturbative expansion in terms of λ is not possible and the gauge theory remains in non-perturbative regime. Note that since we have here a energy dependent gauge coupling which decreases with the increase of the energy u we can hope to have a non-perturbative QCD-like theory.
The other parameter δ can be shown to be related to the temperature of the background (or of the gauge theory) [9] by
From this expression it is clear that the parameter δ cannot be positive and so it must lie in the range −2 ≤ δ ≤ 0. The temperature can be made zero either by putting δ = 0 or by putting u 0 = 0. In the first case, the solution reduces to the decoupled geometry of zero temperature non-susy D3 brane discussed in [19] . In the second case, the parameter δ disappears from the solution and it becomes the decoupled geometry of standard BPS D3 brane, i.e., AdS 5 × S 5 . Also for δ = −2, the solution reduces to the decoupled geometry of standard black D3 brane.
With this we proceed to obtain the expression for gluon condensate (GC) as a function of temperature. The detail method to calculate the GC from the holographic set-up has been given previously in [6] . Here we are interested only in the temperature dependence of the GC. To find that dependence of the GC, we expand the dilaton field near the boundary u → ∞.
As e φ0 , e φ ≪ 1, φ 0 and φ are negative quantities. The coefficient of u −4 is identified as the GC, Tr(G 2 ) , at the
One can show that dκ/du > 0 and so as u increases κ also increases. Therefore, for simplicity, we will take u as the energy parameter of the gauge theory without any loss of generality.
Now replacing δ in (6) from the temperature expression in (5) we get,
From the knowledge of QCD we know that, at T = 0, GC have a finite nonzero value. Now as the temperature of the system is increased, the self coupling of the gluons decreases and as a result the value of the GC decreases. Finally at a certain temperature GC disappears -the temperature at that point is called the confinement temperature T c . So T c can be easily found from the above expression by putting G c (T c ) = 0 and so,
The finite temperature gluon condensate G c (T ), therefore, takes the following form
with
At T < T c , G c (T ) = 0 indicates that the system is in confined state. Whereas at T ≥ T c , G c (T ) = 0 indicates the system is in the deconfined state. So, T c is the transition temperature for the confinement-deconfinement transition 5 . Eq. (8) indicates that T c ≪ Λ QCD . Also from (9) we note that the QCD scale Λ QCD can be related to the zero temperature GC by that relation.
In Fig.1 , we have plotted the gluon condensate given in (9) . In nonperturbative QCD, below the confinement scale there exists a non-trivial value of GC. It has a maximum value at T = 0. As T increases the interactive force of gluons decreases. Thus the GC decreases and vanishes at the confinement temperature T c . All these have been shown in the figure. Here we have also compared our result with the hard wall dilaton-gravity model [20] and the ideal gluon gas condensate [21] . Our result falls in between those two results. But as we compare it with the lattice calculation, we see that our result is close to the GC derived in pure SU(3) lattice QCD [21] . Now in order to compute β-function we first express the effective coupling given in (3) in terms of the gauge theory parameters as,
where we have used (8) and (5) . Here the variations of coupling with energy u and the temperature T are clear. We note from (11) that in the deep inside the IR regime λ is very large, whereas, when u ∼ Λ QCD , λ → λ t (here T < T c is assumed). The coupling also decreases with increasing temperature. At T = T c the coupling becomes constant λ = λ t . In Fig.2 we have plotted λ vs u. In numerical calculation, we have assumed λ t = 1.0 and T c = 1.0 which gives Λ QCD = π. With these inputs we have numerically computed λ. It shows a monotonic decrease of coupling with increasing energy. At small energies the coupling decreases very fast and at high energies its variation is slower. As the energy is high enough, order of Λ QCD , coupling is very close to λ t . Finally, at u = ∞ the coupling becomes constant, λ t and we move into the conformal gauge theory. The temperature variation of λ is also shown in that same plot. It is found that at a fixed energy the gauge coupling decreases with increasing temperature. At the critical temperature T c , the variation of λ goes away and merges to λ t . The β-function can be calculated from the coupling λ, (11), by using the renormalization group flow equation as follows,
We have expressed the β-function as functions of u and λ separately. The non-zero value of β indicates that the theory has a running coupling and its negativity indicates that λ decreases with energy u. We have β(u → 0) → −∞, β(u → ∞) → 0 and at u = Λ QCD ,
c takes a negative constant value. In terms of λ, at high energies when λ → λ t , β goes to zero. But as we move towards the deep IR regime, λ ≫ λ t , β takes high negative value and finally as λ → ∞, β → −∞. In Fig.3 , we have shown the variation of β- function with energy and temperature. Here β is always negative that means the coupling is a monotonically decreasing function of energy. At small u, the higher values of β indicate the faster variation of λ. Again at low temperature, β takes more negative value indicating the rapid variation of coupling λ. For T = T c , β is zero which is consistent with the fact that at deconfined temperature coupling becomes constant. For other finite T , β merges to − √ 6 1 − T 8 /T 8 c near u = Λ QCD . In u ≥ Λ QCD regime, λ is almost same for all T but β function differ with a finite value depending on T . This difference is easily visible in Fig.3 but not in Fig.2 .
The existence of non-trivial glueball mass is another low energy or non-perturbative property of QCD. Although experimentally, the glueballs have not been observed, theoretically the glueball mass spectra has been calculated, particularly using lattice QCD [22, 23] . The same results have been obtained from the holographic QCD approaches [4, [25] [26] [27] . Here in this work we use the gravity/QCD correspondence for the decoupled geometry of non-susy D3 brane solution of type-IIB string theory to compute the glueball mass spectra. We compare our results with some lattice results [22, 23] and found good agreement. Here we will focus only on the masses of the ground state and the first excited state of spin-0 scalar and pseudoscalar glueballs 0 ++ , 0 −+ . To obtain the glueball masses we consider the linearized equations of motion for the scalar field fluctuations corresponding to the dilaton and the axion propagating in the decoupled nonsusy D3 brane background. The Schrödinger-like equation of these scalar fluctuations obtained in this way has been solved using the WKB approximation [4, 27] to obtain the mass spectra. Unlike in the previous case, here we consider only the zero temperature solution which can be obtained from eqn (14) of ref. [9] with δ = 0, but we keep the other parameters arbitrary. Here we put α + β = γ (instead of 2 as in the previous case), which is not fixed. The background solution in the string frame is given below 6 ,
This zero temperature, decoupled non-susy D3 brane solution of type IIB string theory has been shown before by us [19] to be identical with the solution obtained by Constable and Myers in [4] by a coordinate transformation and redefinition of the parameters. In their paper, they also discussed the issue of mass gap and glueball mass spectra in the boundary gauge theory. They have obtained the form of mass spectra analytically by solving the WKB equation in the large mass limit. We solve the equation numerically without assuming the mass to be large and obtain the numerical values of the masses in certain units. We obtain both the scalar and pseudoscalar glueball masses, whereas in [4] only the pseudoscalar glueball mass formula has been given and mentioned that the scalar glueball mass can not be obtained using supergravity. We, however, do not face such problem in our computation. More discussion will be given towards the end.
where,
The background has explicitly two parameters which are u 0 and δ 1 . In dual gauge theory u 0 is related to the QCD scale Λ QCD and δ 1 determines the form of the coupling and so, different δ 1 's give different gauge theories as the form of the coupling e φ changes with δ 1 . We assume ϕ and χ to be the fluctuations of the dilaton and the axion respectively. So the linearized equation of the dilaton fluctuation ϕ in the Einstein frame is
and the linearized equation of the axion fluctuation χ in the string frame is
In case of the dilaton fluctuation, the background metric is also perturbed. But using a particular gauge condition the metric fluctuation can be eliminated from the linearized dilaton equation and we have written (14) in that particular gauge. So, even though the metric fluctuation is present, there is no need to solve the full linearized Einstein's equation if we choose the suitable gauge [4] . Now as we are in the near-horizon or decoupled geometry, we can take ϕ to be symmetric in the transverse Ω 5 direction. In other words, we take ϕ = h(u)e ip.x and mass of this glueball 0 ++ is M where p µ p µ = −M 2 . Using this particular form of the fluctuation and the background (13) into the (14), we get the Schrödinger-like wave equation in Einstein frame as,
where ψ(y) = e 2y G(y) 
Note that the above equation (16) is written in a new variable y which is related to u by the relation y = ln(u/u 0 ). The potential (17) gives a little potential well with two boundaries or turning points on the two sides around y = 0. For y ≫ 0,
So, the positive turning point is y + = ln
and for y ≪ 0,
and the negative turning point is at
. Now according to the WKB approximation, if the depth of the potential well is very small, the mass of the n-th excited state can be found from the following equality. . In numerical calculation we always deal with dimensionless quantities. So here the masses are found in the units of u 0 /L 2 . Various lattice computations [22] also have given this spectrum in their own units. To eliminate this ambiguity we compare the ratio of masses of the above mentioned two states and are given in the table below.
Here we have shown the masses of the ground state and the first excited state of the scalar and the pseudoscalar glueballs at various values of the parameter δ 1 and also the ratios of the masses of the first excited state and the ground state for both the scalar and the pseudoscalar glueballs. In the final column we have shown the ratios of the masses of the ground state scalar and pseudoscalar glueballs. We see that when δ 1 = 0, both the scalar and the pseudoscalar glueballs have the same masses. The reason is for δ 1 = 0, the dilaton becomes constant and therefore, the fluctuation equations for both the dilaton and the axion become identical and give identical solutions. Different δ 1 actually defines different theories with different gauge couplings. So, the glueball masses are also [23] and from there we find that the ratio of the mass of the first excited state to the ground state of the scalar glueball takes the value 0 ++ * /0 ++ = 2.751/1.595 = 1.725. So, it is quite close to the results we obtain from the decoupled non-susy D3-brane geometry. Also from the last column of the above table we notice that the mass of the pseudoscalar glueball is greater than the mass of the scalar glueball but the difference is not much since the ratio is close to 1. If we look at the lattice results, again from the average values obtained by various groups we find the ratio 0 +− /0 ++ = 1.595/2.467 = 1.547. Here our result differs and this could be due to the fact that our results are valid only at strong coupling. In fact, in [28] , using some time-dependent variational approach it has been claimed that at strong coupling the mass ratios of the pseudoscalar and the scalar glueballs in Yang-Mills theory must tend to 1. We remark that in obtaining the glueball masses, we have to perform an integration (20) with the integration limits from y − to y + , the two turning points of the potential. For both scalar and pseudoscalar glueball masses, the positive turning points y + are the same and fixed (depends only on mass M ). On the other hand the negative turning points y − for both the cases depend on δ 1 , γ and M (see the expressions for y − after (19) and (21)). There are three cases where the computation could be problematic (i) δ 1 → 0, (ii) γ → 0 and (iii) M 2 → ∞. In all three cases y − → −∞ and we have to check whether the supergravity description remains valid there. For all other cases there are no problem. We notice that for case (i) when δ 1 → 0 the dilaton goes to constant and therefore y − → −∞ does not pose any problem and supergravity description remains valid there. Notice from (13) that δ 1 ≥ 0 and lies in the range 0 ≤ δ 1 ≤ 40/49 ≈ 0.904.
MeV or in units of
Also we mention that δ 1 → 0 corresponds to ∆ → 0 in [4] and in this case the string frame and the Einstein frame metrics coincide and therefore we get the same equation for the dilaton and axion fluctuations. The masses are given in the first line of Table 1 . γ on the other hand lies in the range 0 ≤ γ ≤ √ 10, where γ = 0 corresponds to δ 1 = 40/49 and γ = √ 10 corresponds to δ 1 = 0. For case (ii), when γ → 0, δ 1 remains finite there and so y − → −∞ makes e φ−φ0 to blow up and therefore supergravity description breaks down. In other words we can not trust the mass calculation near γ = 0. For case (iii), when M 2 → ∞ which means that we are considering highly excited states, again if δ 1 does not vanish, the dilaton blows up making the supergravity description invalid and we cannot trust the glueball mass calculation. In all other cases, glueball masses we obtain are quite reliable indicating the theory possesses a mass gap like QCD.
In this Letter, we have studied some non-perturbative aspects of QCD by making use of the gravity/QCD type correspondence applied to the decoupled geometry of non-susy D3 brane of type IIB string theory. Since the gravity theory here is non-supersymmetric, nonconformal and has non-trivial dilaton, the corresponding boundary theory is more like QCD. The background also has a temperature and so the QCD-like theory is at finite temperature. We have obtained the form of gluon condensate and expressed it as a function of temperature. We plotted the gluon condensate versus temperature and found that the form is close to that found in lattice calculation. We also obtained the expression of the gauge coupling and also the beta function from the renormalization group flow equation. Beta function is found to be negative as in QCD. We have plotted both the gauge coupling and the beta function and discussed their behavior. Finally, to study other non-perturbative aspects of QCD, we have computed both the scalar and the pseudoscalar glueball mass spectra in our theory obtained from nonsusy D3 brane and compared with the lattice results.
